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AOI in supervised learning

Reading

Shisher et al Aol workshop 20h



Empirical risk minimization ERM

Decision maker predicts YEY by taking an

action_XCX EA based on feature X C X
where Y X A is a decision function

loss function L y x 1 IR
Y a is the loss if action a is chosen when

Y y
o risk IIE t.ly rfsxiD
where ki in is a set of training data sameples

o Def Pxy as the empirical distribution of
the treeing data set

Then risk is

IIE t.ly mil

Ex ynP y L Y 41 11

Empirical risk minimization ERM

min

yep
Exy Ras L Y X X

f set of allowed decision functions



Examples

log loss action a Qy is distribution of Y
Loog Y Qy

Eyup L hogQy6y
loglQyly crossentropiQuadratic loss
action e ya I

Y 5 ly if E H Y

F
the set of linear function

4CxI I Etc
the set of function denoted by neural networks

We consider a fundamental lower bound of
ERM given by

yminy txynpxylLIY.TN
where tf is the set of all functions from X WA

FE fGoal We will show that the optimum objective

value is a versionof conditional entropy HLLYIX



Shannon Information Theory

Entropy
H FeyPym logPyly

Conditioned Entropy given X x

HlY1X x yPyµxlY logRdx Y

Conditional Entropy given X

HFYIX I px.cl Y1logPy1xxlY1XEX.YGY
eFxPxlxtHCYlX x1

HlY 7HCYlx
Mutual Information
Xxi's Had TICHY

H HMH

f y
Pith D log PxycPx Pym

2 Xi's 20

3 Xi 4 If Yix



o Divergence

D6PyHQy

Fey Px beg Pyu
Q H

x Y D Px yH Px Py
Condition Mutual Information
I Xi YI Z

I Pxyz x z beg
PXHzlx.is

zsXEX.YEypxp.ltZ1PyzlYlzTZCZ

HlYIZI HlY XZ

H XfZl HCxlYZ

If X YZ 7 Xi HIX HastYa

I X Zi's Ifz y CHI HMH

EznpzlDlPxy1zK Paz Pyle



Generalized Information theoretic measures for
ERM

Entropy Heyl maiena.EY pyCLIY.at

entropy associated with a loss function L

minimum loss without knowing X

Conditional entropy of 4 given x

tklYIX xl maeehaEynpylx xlUY.at
min

4 EAEY PYIXxCLCY.tncxD

Conditional entropy of y given X
HUYIX

ymi.nu ExynpxyCLlY
4CXl

min

Hey Ey
PXYCHY L Y Xcx



yminyz.qpxlxiefypylx xlDLCY.tncxD

min

tfxfe.A.EE ttyEyPYlx
xlHLCY 4cxD

zZexPxHnfcinx Fey PYlxxc.is 44,4CxD

Px ymian Eynpy I 4K 4cal

Px TILLYIX x

theytxt Ex p Hc Yl xD

Mutual information
IL Hix Holy Hd'dx

the reduction of the loss due to knowledge of
ILLY X 2 Ic Yi Z th Yi X Z

Hc Y HdYlZD
CHIHZI TILLYIX ZI



Note

114 X t Lilli's in general

Shannon's mutual function is a spatial case

where Ily X ICKY


